Given a principal bundle P → M we classify all first order Lagrangian densities on the bundle of connections associated to P that are invariant under the Lie algebra of infinitesimal automorphisms. These are shown to be variationally trivial and to give constant actions that equal the characteristic numbers of P if dim M is even and zero if dim M is odd. In addition, we show that variationally trivial Lagrangians are characterized by the de Rham cohomology of the base manifold M and the characteristic classes of P of arbitrary degree.
Introduction
Let p : C → M be the bundle of connections of a principal G-bundle π : P → M. The goal of this paper is twofold. First, we classify the Lagrangians on J 1 C which are invariant under the natural lift to X(J 1 C) of the full Lie algebra of infinitesimal automorphisms of P (see Theorem 1) . A classical result due to Utiyama (see [3, 7, 9, 14, 20] ) states that a Lagrangian L : J 1 C → R is gauge invariant if and only if it factors through the curvature mapping Ω :
., L = L • Ω, by means of a differentiable function L :
2 T * M ⊗ ad P → R which, in turn, must be invariant under the adjoint representation of the Lie algebra g of G on the fibers of the adjoint bundle ad P .
Due to the interest of the geometric version of Utiyama's theorem in gauge field theory, it seems reasonable to ask for the invariance under the group of all (not necessarily π -vertical) automorphisms. Within the framework of Riemannian vector bundles, i.e., when G = U (k) or G = O(k), partial results in this direction can been found in [10, Theorem 2.6.2] for polynomial Lagrangian densities but we should emphasize that the characterization given here in Theorem 1 is obtained in full generality as we work on the bundle of connections of an arbitrary principal bundle and we do not assume L to be a polynomial. Unlike the Utiyama classification, invariance under the Lie algebra aut P of all infinitesimal automorphisms leads to variationally trivial Lagrangians. In fact, they are associated to Weil polynomials whose degree is half of the dimension of M, if dim M is even, and zero if dim M is odd (see Section 3.2). The action functional determined by these Lagrangians is constant and produces some characteristic numbers of the bundle. Thus, the group of all automorphisms provides a variational characterization of certain topological invariants of the bundle, which are of great importance in the topological theory of quantized fields.
Secondly, motivated by the aforementioned result, in Section 4.2 we characterize the gauge-invariant Lagrangian densities on Certain results of the present paper can be considered as a strong generalization to an arbitrary Lie group of the results in [5] for classical electromagnetism.
Preliminaries

Automorphisms of a principal bundle
Consider a principal G-bundle π : P → M. An automorphism Φ : P → P is a diffeomorphism such that Φ(u · g) = Φ(u) · g, ∀u ∈ P , ∀g ∈ G. The set Aut P of all automorphisms of P is a group under composition. An automorphism Φ ∈ Aut P induces a unique diffeomorphism φ : M → M on the base manifold M, characterized by π • Φ = φ • π . If φ is the identity map, then Φ is said to be a gauge transformation. The set of gauge transformations is a normal subgroup Gau P ⊂ Aut P , which is called the gauge group of P . In the case of the trivial bundle pr 1 : M × G → M, every automorphism Φ can be written as Φ(x, g) = (φ(x), ψ(x) · g), x ∈ M, g ∈ G, where φ : M → M is a diffeomorphism and ψ : M → G is a differentiable map.
Invariant vector fields
Let X(P ) be the Lie algebra of vector fields on P . A vector field X ∈ X(P ) is said to be
where R g denotes the right action of G on P . If Φ t is the flow of a vector field X ∈ X(P ), then X is G-invariant if and only if Φ t ∈ Aut P , ∀t ∈ R. Accordingly, we think of G-invariant vector fields as being the 'Lie algebra' of Aut P and we denote it by aut P ⊂ X(P ). Each G-invariant vector field on P is π -projectable. Similarly, a π -vertical vector field X ∈ X(P ) is G-invariant if and only if Φ t ∈ Gau P , ∀t ∈ R. We denote by gauP ⊂ aut P the ideal of all π -vertical G-invariant vector fields on P , which is called the gauge algebra of P .
The G action on P lifts to an action on the tangent bundle T P defined by v u · g := T u R g (v u ), ∀v u ∈ T u P , ∀g ∈ G. Denote by [v u ] G the equivalence class defined by v u . The quotient (T P )/G is a differentiable manifold and it is endowed with a vector bundle structure [1] ), whose global sections can be naturally identified with aut P ; i.e., aut P Γ (M, (T P )/G). This isomorphism is given in the following way. If
Let π g : ad P → M be the adjoint bundle of P , the bundle associated to P by the adjoint representation of G on its Lie algebra g, that is, ad P = (P × g)/G where the G-action on P × g is
Given a pair (u, B) ∈ P × g we shall denote its G-orbit in ad P by (u, B) ad . We also remark that the fibers (ad P ) x are endowed with a Lie algebra structure uniquely determined by the condition 
4]), that is, gau P Γ (M, ad P ).
We obtain an exact sequence of vector bundles over M (the so-called Atiyah sequence
where the first map is given by
* denotes the infinitesimal generator (or fundamental vector field) of the action given by B ∈ g, and
The bundle of connections
Definitions
Let Γ be a connection on a principal G-bundle π :
h ∈ X(P ) be the horizontal lift (with respect to Γ ) of a vector field X ∈ X(M) (cf. [13, Chapter II, §1]). As is well-known (cf. [13, II.Proposition 1.2]), the horizontal lift X h is a G-invariant vector field on P projecting onto X. Hence there is a splitting of (2.2),
where, for the sake of simplicity, we write X h instead of [X h ] G . Conversely, any splitting σ : T M → (T P )/G of the Atiyah sequence (i.e., σ is a vector bundle homomorphism such that
is induced by a unique connection on P ; hence there is a natural bijective correspondence between connections on P and splittings of the Atiyah sequence. Accordingly, one defines the bundle of connections p : C := C(P ) → M as the subbundle of Hom(T M, (T P )/G) determined fiberwise by all R-linear mappings λ : [7, Definition 4.5] , [8, 9] , [14, §52] ).
The set of connections on P can thus be identified with the set of global sections of p : C → M. Let σ Γ : M → C be the section of C induced by Γ . An element λ : T x M → ((T P )/G) x of the fiber of C over a point x ∈ M is nothing but a 'connection at a point x'; i.e., λ induces by horizontal lift or, equivalently, a complementary subspace
In this way C is an affine bundle modeled over the vector bundle Hom(T M, ad P ) T * M ⊗ ad P .
Coordinates on
for every B ∈ g we can define a one-parameter group of gauge transformations over U by setting ϕ
The homomorphism aut P → X(C)
As is well known (cf. [13, II.Proposition 6.2(b)]), each Φ ∈ Aut P acts on the connections of P by pushing forward horizontal distributions; i.e., for every connection Γ with horizontal distribution H Γ u , u ∈ P , the image Γ = Φ(Γ ) is the connection corresponding to the distribution
• φ, for every connection Γ on P . The map Φ ∈ Aut P → Φ C ∈ Diff C is therefore a group homomorphism. If Φ t is the flow of a G-invariant vector field X ∈ aut P , then (Φ t ) C is a flow on C and the corresponding infinitesimal generator is denoted by X C . This defines the Lie algebra homomorphism
The vector field X C is projectable onto X , which equals the projection of X onto M. By using a coordinate chart (U ; x 1 , . . . , x n ) on M and the basis of sections B 1 , . . . , B m of ad π −1 (U ) introduced above, it follows that each X ∈ aut π −1 (U ) can be written as
Using the definition of the homomorphism (2.7), a simple calculation shows that (see, for example, [9] ) (2.9) 
Jets and contact transformations
Given a fiber bundle p : E → M, denote by p 10 : 
The mapping Ψ → Ψ (1) , is a monomorphism from the group Diff M (E) of fibered diffeomorphisms of E to the group Diff(J 1 E). Its infinitesimal version gives rise to a monomorphism of Lie algebras
where Y (1) is the infinitesimal generator of Ψ (1) t , Ψ t is the flow of Y , and X M (E) denotes the Lie algebra of p-projectable vector fields on E.
, is the local expression of a p-projectable vector field, then the expression of Y (1) is (see, for example, [19, §4.4] )
.
In particular, we are concerned with the first jet bundle p 10 : J 1 C → C of the bundle of connections p : C → M. In this case, if (2.8) is the local expression of an infinitesimal automorphism X ∈ aut P , from formula (2.9) of the local representation of X C ∈ X(C), we have
Lie derivative with respect to a multi-vector field
where i X denotes the usual interior product or contraction on the first index. For an arbitrary multi-vector field χ define i χ by extending the formula above by linearity. Then the Lie derivative L χ :
Note that L χ is a graded operator of degree −d + 1. More generally, let G be a Lie group and let
, the operator L X is defined by linear extension.
Invariant Lagrangians
Given a fibered manifold p : E → M, a Lagrangian density is a fibered mapping over M,
with n = dim M. If the base manifold is connected and oriented by a volume form v, then every Lagrangian density can be written as Λ = Lv for a certain mapping L :
If M is compact, the action functional is defined to be
A Lagrangian L : J 1 (E) → R is said to be variationally trivial if the Euler-Lagrange equations hold for every local section of the bundle p : E → M; that is, every local section is a critical point of the action functional defined by L. Proposition 1 (e.g., see [15, 16] 
is variationally trivial if and only if the following systems of differential equations are satisfied:
Two Lagrangians L, L are said to be variationally equivalent if they define the same variational problem, that is, L − L is variationally trivial. Therefore, the characterization of variational triviality solves the problem of variational equivalence.
Gauge invariance
on the bundle of connections is said to be gauge invariant (also called natural by some authors; e.g., [14, XII] ) if the directional derivative of L in the direction of X (1) C vanishes, that is,
for every X ∈ gau P , where X (1) C denotes the 1-jet prolongation of the representation aut P → X(C) (see Section 2.4). Similarly, a Lagrangian density is said to be aut P -invariant if
C is p 1 -projectable to X ; the vector field X is π -related to X. Then, the condition of aut P -invariance yields
If X ∈ gau P , then X = 0 and the definition of gauge invariance is recovered.
A classical result by Utiyama (see [3, 7, 9, 20] ) gives a full characterization of gauge invariant Lagrangians. From a geometrical point of view, this characterization has the following description.
Given a principal G-bundle π : P → M, the curvature mapping 
In these coordinates, the local expression of the curvature mapping is We remark that the action functional of an aut P -invariant density Lv is also invariant under automorphisms, but the converse is not true. For example, the action functional of the Chern-Simons density is aut P -invariant, but the Lagrangian itself is not, even in the Abelian case.
Lagrangian associated to a Weil polynomial
Given a Lie group G and its Lie algebra g, we denote by kg = g ⊕ · · · ⊕ g the direct sum of k copies of g. Similarly, given a vector bundle, we denote by k ad P = ad P ⊕ · · · ⊕ ad P the Whitney sum of k copies of the associated adjoint bundle.
A symmetric multilinear map f : kg → R is called a Weil polynomial of degree k if it is invariant under the adjoint representation of G on g; i.e., if
The set of all Weil polynomials of degree k is denoted by
by the condition B) ad , the invariance condition of f under the adjoint representation allows one to see that the previous definition makes sense, that is, it does not depend on the choice of the point u ∈ π −1 (x). Let π : P → M be a principal G-bundle over a manifold M of even dimension dim M = n = 2k and let f ∈ I G k be a Weil polynomial of degree k. We define the fibered mapping
for every w ∈ ( 2 T * M ⊗ ad P ) x , and arbitrary vectors X 1 , . . . , X n ∈ T x M, x ∈ M, where ε(τ ) is the signature of the permutation τ . If M is endowed with a fixed volume form v we define L f ∈ C ∞ ( 2 T * M ⊗ ad P ) as the unique function satisfying the condition Λ f = L f v. Each Weil polynomial thus defines a Lagrangian density
by composing Λ f with the curvature mapping Ω.
Proposition 2. Given a Weil polynomial f
is invariant under the adjoint representation on ad P because of the invariance condition of the Weil polynomial f . Then, by virtue of the Utiyama Theorem, the Lagrangian density Λ f = Λ f • Ω is gauge invariant. For the invariance under the full algebra of infinitesimal automorphisms, as the problem is local, we only need to consider the trivial bundle P = M × G. We only have to check condition (3.1) for vector fields of the type X = f i (∂/∂x i ). Let {ϕ t } be the flow of X and Φ : P → P , Φ(x, g) = (ϕ(x), g), where for the sake of simplicity, we have dropped the variable t. For any j
x σ Γ , where the equality (1) is a general property of the curvature of a connection under a transformation ϕ ∈ Diff(M) and equality (2) is a direct consequence of the definition of Λ f given above. The proof is complete by taking into account the formula of the Lie derivative 
Characterization of aut P -invariance
Proof. Let (x, y) ∈ R n × N and let φ(t) = f (tx, y). Condition (3.6) gives φ(0) = 0, and by the chain rule, (1) for n odd, f is the zero function; (2) for n even, say n = 2k, we have
The solution to this differential equation is φ(t) = φ(1)t = f (x, y)t, so that
where S n denotes the permutation group and λ
Proof. By induction on n. For n = 2, we have
∂f ∂R 
• Ω, i, h = 1, . . . , n, or in a simpler way, taking into account that Ω is a surjective submersion (cf. [3, Theorem 10.2.7]), we get
Set h = i in formula (3.13) and apply Lemma 2; it follows that L = 0 for n odd and
are real constants because of Eq. (3.12). Set now h = i in formula (3.13); we obtain 
Using expression (3.14) for L, it is easy to see that Eq. (3.15) means the following: if τ ∈ S n is an arbitrary permutation and µ ∈ S n is the transposition µ(a) = b, then we have
As transpositions generate the full group S n of permutations, for any τ ∈ S n we obtain
where I ∈ S n is the identity element of the group S n . Hence
From the definition of the Lagrangian density defined by a Weil polynomial (see Section 3.2), it is straightforward to see that
where ∨ stands for the symmetric product in S • (g * ) and {B 1 , . . . , B m } is the dual basis to {B 1 , . . . , B m } in g * . The invariance of the polynomial f under the Ad-representation of G on g follows directly from the invariance of L under the ad-representation of g, taking into account that G is connected. ✷ To fix notations, it is necessary to briefly review the theory of the Weil homomorphism and the constructions of characteristic classes in terms of curvature forms (see, for example, [6] , [13, XII] ). Given a principal connection Γ on π : P → M and a Weil polynomial f of degree d, the form f (Ω Γ ) is a closed 2d-form which projects onto the base manifold M and whose cohomology class does not depend on the chosen connection Γ . For dim M = 2k and deg f = k, if σ Γ : M → C is the section of the bundle of connections associated to Γ , it is easy to check that Λ f (j
defined by Λ f does not depend on the chosen section σ Γ , that is, £ f is constant and thus every section is critical. We have thus proved the following.
Corollary 1. Every aut P -invariant Lagrangian density is variationally trivial.
In fact, given an aut P -invariant Lagrangian Λ f , with f ∈ I G k , the constant value of the action functional £ f is nothing but the characteristic number c f defined by f (see [6, 18] ). Roughly speaking, the aut P -invariance determines the characteristic numbers of the bundle π :
Remark 1.
As a physical consequence of this fact we can conclude that the group Aut P is too large to be the group of symmetries of a model in classical field theory as all sections are critical. Indeed, the invariance under the group Aut P is never found in classical field theories and Corollary 1 can be understood as a mathematical explanation of this fact. Nevertheless, these trivial Lagrangians are of great interest in quantum field theory as their topological nature has turned out to be extremely important for the quantization of fields. Corollary 1 thus reveals a link between the aut P -symmetry and these topological objects. See, for example, [2, 17] and references therein for a discussion concerning topological Lagrangians.
Example 1.
Consider the group G = U (1) and an arbitrary U (1)-principal bundle π : P → M. This is, for example, the setting for electromagnetism. In this case g = u(1) = R and the algebra of Weil polynomials is generated by the identity, that is,
. For this group, the statement of Theorem 1 can be rephrased by saying that, for dim M even, every aut P -invariant Lagrangians is a multiple of the Pfaffian (see [5] for a complete proof).
Example 2.
For the group G = SU (2) , it is known that the algebra of Weil polynomials is generated by the determinant of the algebra of matrices in su (2) , that is, I
SU ( 
Variationally trivial Lagrangians
In the previous section it was proved that every aut P -invariant Lagrangian is variationally trivial. One can ask if the converse is true, namely, if every natural (that is gauge invariant) Lagrangian which is variationally trivial is aut P -invariant. It is known from the theory of characteristic classes that the only natural and functorial way for defining cohomology classes from the curvature form are the characteristic classes. As the aut P -invariance has already given the characteristic numbers c f for f ∈ I G k , dim M = 2k, at first sight one can expect that the rest of the characteristic numbers must also appear in this context. This is the case as will be shown in Theorem 2: natural variationally trivial Lagrangians give not only all characteristic classes (not only those classes of degree k, dim M = 2k) but also the other de Rham cohomology classes of M.
Notation
Let X be an element of 
where , stands for the natural pairing between elements of 2d X(M) ⊗I 
Remark that the action of a Weil polynomial f ∈ I G d on d ad P is defined by means of formula (3.4) .
In particular, if X d = χ ⊗ f and w 2 = ω 2 ⊗ η, we have
· · · ∧ω 2 ·f η, (d) . . . , η .
Let (2) . . . R
, as shown by a direct computation. 
Characterization of the variational triviality
where Ω is the curvature mapping and
Proof. Let Lv be a gauge invariant variationally trivial Lagrangian density. Then, by virtue of the Utiyama Theorem, there exists an adjoint invariant function
In the coordinate systems induced on J 1 C and on 2 T * M ⊗ ad P respectively, Proposition 1 yields, in this case, the following conditions for the Lagrangian L:
On the other hand, taking the local expression of the curvature mapping (see formula (3.3)) and using the chain rule, yields
• Ω.
With these formulas, Eqs. (4.4) and (4.5) can be rewritten as
Remark that the composition with Ω can be eliminated in these equations, as the curvature mapping is surjective. The function L is invariant under the adjoint representation in the curvature bundle. Locally, this invariance can be expressed as (cf. In other words, it is not possible to find a repeated index in every set i 1 , . . . , i 2d of the sum in (4.11). This fact can be rephrased by saying that (1) i τ (2) . . . R 
